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A global lower estimate for the transition probability of the Brownian motion on 
a complete Riemannian manifold is given in the form of a comparison with the 
transition probability of the Brownian motion on a model. This estimate is applied 
to obtain the laws of the iterated logarithms in the large for Brownian motion on 
certain Riemannian manifolds. % 1988 Academic Press, Inc. 
1. INTRODUCTION 
In this note a global estimate from below for the transition probability of 
the Brownian motion on a complete Riemannian manifold M” will be 
given. This estimate is in the form of a comparison with the transition 
probability of the Brownian motion on a model, whose radial Ricci 
curvature is less than the corresponding one in the manifold M”. 
We note that the local comparison theorems for the Brownian paths 
have been discussed by several authors (See, for example, Ikeda and 
Watanabe [7, Chap. 61). In the special case where the Riemannian 
manifold is diffeomorphic to aB” by the exponential map at a fixed point, 
the lower bound above follows immediately from the pathwise comparison 
theorem. However, the hypothesis does not hold in general. In order to 
avoid this assumption, we shall make use of a comparison argument 
through parabolic equations. 
In Section 3 this lower estimate will be applied to obtain the laws of the 
iterated logarithms in the large for Brownian motion on certain Rieman- 
nian manifolds. 
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2. COMPARISON THEOREMS 
Let M” be an n-dimensional, complete, connected Riemannian manifold 
and let (L i, fXeMn be the unique minimal diffusion process associated 
with the Laplacian 4 A,,,,n on M”, which is called the Brownian motion on 
M”. 4’ is the life time of X,, i.e., lim,,, X,(w) = co if c(o) < co. 
The following definition of a model is due to Greene and Wu [4]. 
DEFINITION 2.1. A Riemannian manifold Iw” = [0, co) x S”- ’ endowed 
with a metric dr* + g(r)* dG2 is called a model (M;I, g), where g is a 
P-function on [0, co) which in addition satisfies: g> 0 on (0, co), 
g(0) = 0, g’(0) = 1, and d02 is the canonical metric on S”-‘. 
Denote by KM”(X, Y) the sectional curvature of the two-dimensional 
plane spanned by two independent vectors X, YE T,(M”): the tangent 
space at x. The Ricci curvature of the direction X( # 0) is defined as 
n-l 
Ric,.(X)= c K,&X, Y,), 
i=l 
where ( Y, , . . . . Y, _ , } is an orthonormal basis of the space 
{YE 7’AWI (X, Y> = 01. ( .y . ) denotes the inner product (see Cl]). 
From the definition of the model M;I, the sectional curvature at 
x = (r, 8) EM;; of the plane section which contains the radial vector 
(a/&)(x; 0) emanating from the origin 0 coincides with 
K(r) = -1 d2g(r) 
g(r) 7’ 
Let (e, lo, TL M; be the Brownian motion on the model M;. Since ME is 
rotationally symmetric around 0, so is the Brownian motion Xp. Define tR 
(r”,) to be the first exit time from the geodesic sphere of the radius R 
centered at a fixed point x0 E M” (0 E M;). 
We are now in a position to state 
THEOREM 2.1. Suppose that there exists a model (M;I, g) such as for 
every radial vector (a/ar)(x; x0) at x E M” emanating from the point x0 
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then with any sequences of positive numbers as 0 < t, < t2 < . . . < tN and 
ri < RI + O-J, i = 1, . . . . N, 
P,[d,“(X,,, x0) < ri, i= 1, . . . . N, t, < zR] 
W& [d&q, 0) < ri, i= 1, . . . . N, t, < z”,] 
for every r = d,&x, x0) < R, where d,. an d dM; are the Riemannian distances 
on M” and MI;, respectively. 
In order to prove Theorem 2.1, we shall first consider the case N = 1. Let 
cp be a monotone, nonincreasing P-function on [0, R) with compact 
support in [0, r,). Set 
and 
46 x) = ~xCdd,U,, xc,), t < z,d 
uo(t, xl = E”, Cdd,#‘, O)), t < ~‘3. 
Notice that u,(t, x) is the function of (t, r = d,;(x, 0)), since e is 
symmetric around 0. Furthermore the above functions u and u,, satisfy the 
following properties: 
and 
g-+l,.u=o 
40, x) = cp(d,w(x, xc,)), 
dt, X)E C=‘((O, ~0) x D”,, 
in(0, co)xD, 
u( t, x) = 0 on 8D, 
in(0, co)xDO, 
uo( t, x) = 0 on aDi, 
where D R (II”,) is the open geodesic sphere of radius R centered at x0 E M” 
(0 E: M;f). 
LEMMA 2.1. u,(t, x) is monotone nonincreasing in r = dG(O, x) < R. 
Proof: As is remarked above, u,(t, x) is the function of 
(t, r=dM;(x, O)), say u,(t, r), (t, r)E [0, co)x [0, R). On the other hand, 
the radial part rp = d,;t(x, 0) is the one-dimensional diffusion process 
corresponding to ) (8/d?) + (n - l)(g’(r)/g(r)(d/dr)) and r = 0 is an 
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entrance boundary for the process r p. Consequently, we may suppose that 
the process rv is the unique solution of the stochastic differential equation, 
tf=t$+B,+ 
I 
;;(,-l)g$dS for Y: > 0, (2.1) 
s 
where B, is the standard Brownian motion. By virtue of the uniqueness of 
the solution, I$’ is monotone nondecreasing relative to the initial value 
rX > 0, which implies the assertion of Lemma 2.1. Q.E.D. 
Now proceeding to the proof of Theorem 2.1, it follows from the 
Laplacian comparison theorem in Greene and Wu [4] that under the 
assumption 
1 Wr, Q) < (n - 1) k(r) 
G(r, 0) & -- = g(r) dr (2.2) 
for each r > 0 up to the cut point C(O) 5 + co. It follows from Lemma 2.1 
and (2.2) that 
A,; u()(t, a) = g’(r) a $+jn-l)-- g(r) ar wd4 r)lr=d~~.~,O~ 
U,(4 r) 
=A*,n uo(t, x) 
for d&x, x0) = r-c C(0) A R, where u,,( t, x) = z+,( t, dMn(x, x,,)). Con- 
sequently, denoting by C, the cut locus for x0, we have 
Using a similar argument as Yau [9], we can deduce that 
(~-~A,w)u,SO in(0, co)xD, 
in the distribution sense. Since 
(i-iA,,,n)u=O in(O,co)xD,, 
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U( t, X) = oO( t, x) - u( t, x) satisfies the inequality 
($-;A,,,*) Us0 in (0, co)x DR 
in the distribution sense. Moreover U(0, x) = 0 and U( t, x) = 0 on aD,. 
Consequently, by virtue of the strong maximum principle in Friedman [3], 
we obtain 
U(t, x) 50 
for each (t, x) E (0, 00) x D,. Thus the proof in the case N= 1 is completed 
by letting rp t 1 on [0, r,). 
The proof of Theorem 2.1 is now fulfilled by induction on N. We shall 
show that for arbitrary monotone nonincreasing, CGA-functions (pi, 
i=l , . . . . N on [0, R) with compact supports in [0, r,), i= 1, . . . . N, respec- 
tively, 
From the first step, this is valid for N = 1. Suppose that this is true for 
N=k- 1. Set 
Since z is rotationally symmetric around 0, the function w  defined above 
is also independent of 0. Moreover, it is monotone, nonincreasing, and of 
Cc [O, co) class. Consequently, we obtain from the first step 
Furthermore, we have from the assumption that 
for r = dMMn(x, x,,) < R. Combining all of this, we can deduce the desired 
inequality (2.3) for N = k, which completes the proof of the inequality by 
induction on N. Finally letting cpif 1 on [0, r,), respectively, Theorem 2.1 
follows. Q.E.D. 
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Let p”(t, x, v) and p,“(t, x, y) be the transition probability densities of 
the part processes of the Brownian motions, X,, t < tR and F, t < z”, 
relative to the Riemannian volumes dV and dV,,, respectively; i.e., 
P,(X E dy, t < ZR) = PR(t, x, y) WY) 
PI1.(Jfy-j4 t<z0,)=PgR(f,X,Y)dVo(Y). 
The following is immediate from the above theorem. 
THEOREM 2.2. Under the same assumptions in Theorem 2.1, 
(1) (Cheeger and Yau [2]) 
P,“(t, 0, P) Sp”(t, x0, Y) 
for every t > 0 and dg(O, J) = dMn(x,, , y) < R. 
(2) E(1, [TO,] S E,[T~] for every d,;;(O, 2) = d,&x,, x). 
It should be remarked that the first theorems in Ichihara [5, 61 also follow 
from Theorem 2.1. 
EXAMPLE 2.1. Suppose the Ricci curvature of the Riemannian manifold 
M” is greater than a negative constant -(n - 1) A2 < 0, then 
p lim dMn(X,,xo)<n-l 
t = I-m 
TlAl =l. 
1 
Indeed, setting g(r) = (l/lAl) sinh( 111 + r), we can compare with the Brow- 
nian motion e on the model (ME, g). Then Theorem 2.1 guarantees that 
p lim dMn(Xtj x0) < d&E2 0) < n - 1 = I-+(4 t 
t z2 I4 1 . (2.6) 
The radial part rp = dMO($‘, 0) I ‘s considered to be the unique solution of 
the following stochastic differential equation, 
r”= r” + B + I 0 r s 
~$!(n--l)[~~I~~$Jds, rg>O. 
Since rp is transient and cos h [I( r/sin h 111 r -P 1 as r t co, combining all of 
this, we obtain that the right-hand side of (2.6) is equal to 1, which 
completes the proof. 
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3. LAWS OF ITERATED LOGARITHMS 
In this section the law of the iterated logarithm in the large will be 
established by means of comparison theorems. We shall first prove the 
following theorem as an application of Theorem 2.1 in Section 2. 
THEOREM 3.1. If for some point x,, E M”, there exists a model (M;f, g) 
satisfying 
g’(r) I 5 
g(r) - r 
for all sufficiently large r > 0 and a positive constant C > 1, then 
Proof. Let (e, Pz) be the Brownian motion on the model (M;;, g). 
Then by virtue of Theorem 2.1 we obtain that 
for all x and 2 with d,,(x, x,,) = d,$Z, 0), where ry = d&e, 0). Thus for 
the proof of Theorem 3.1 it is sufficient to show that the right-hand side of 
(3.1) is equal to 1. In order to do this, define the following Coo-class 
function b(r) on (0, co): b(r)= (n- 1) C/r on (rO, co) with some r0 >O and 
b(r)2 (n- l)g’(r)/g(r) on (0, oo). Let (r;, Pf;) be the diffusion process 
corresponding to the differential operator L,: 
Also rp is the one-dimensional diffusion process associated with the 
operator: 
g’(r) d --(n-l)-- 
g(r) dr 
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Note that the point r = 0 is an entrance boundary with respect to the above 
diffusions. Consequently, it follows from a comparison theorem in Ikeda 
and Watanabe [7, Chap. 63 that 
PO . [,E= J&S +-i,iinix, J&is 11. (3.2) 
On the other hand, r; is transient for c > 1. 
Combining this fact and Shiga and Watanabe [S], we see that the right- 
hand side of (3.2) is equal to 1. This completes the proof of Theorem 3. I. 
Q.E.D. 
COROLLARY 3.1. Suppose that 
holds outside a compact subset of M” with some positive constant C, ; then 
the assertion in Theorem 3.1 is valid. 
Proof: It is enough to show that a model satisfying the conditions in 
Theorem 3.1 can be constructed. Define a nonpositive, P-function K,(Y) 
on [0, co) such as K,(r)= -C,,/r2, rzr, for some r, >O and 
Ric,.(E(x;x,))L(n-l)K,(d,.(x,x,)) onM”. 
Consider the following differential equation: 
d2gl(r) 
-= -K,(r) g,(r) dr2 on CO, 00) 
g,(O) =o, g;(o) = 1. 
This equation has the unique, P-solution g,(r) on [0, co) and the 
solution is, by the Sturm-Liouvihe comparison theorem, positive on 
(0, 00). Consequently by this function g,(r), we can define a model 
M;; = [0, co) x 9-l endowed with the metric dr* +g,(r)’ dQ2. 
The model (M;I, g, ) defined above satisfies the assumptions in 
Theorem 3.1. Indeed, let c1> 1 be the positive solution of the equation 
c((ct - 1) = Cr. We have the following simple lemma. 
LEMMA 3.1. With some positive constants Ai, i= 1, 2, 
A,r”sgg,(r)5AA,r” 
for every r 2 r, 
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Proof of Lemma 3.1. Set g2(r) = A,ra for a positive constant A,. 
g,(r,)=A,ry, g;(rl)=aA,r;-‘, and K,(r)= -g;(r)/g*(r)=K,(r)for every 
r2rl. Since for a sufficiently large A,>O, gz(rl)>gl(rl), g;(rl)>g;(r,), 
and K2(r) = K,(r) for every r 2 rl, we can show by a simple comparison 
argument that g*(r) > gr( r) for every r 2 rl. This gives the desired upper 
bound for gl(r). A similar argument shows the lower bound in Lemma 3.1. 
Q.E.D. 
Now back to the proof of Corollary 3.1, we shall estimate g’,(r)/gl(r). 
Compute 
This together with the lower bound of gl(r) completes the proof. Q.E.D. 
As for the probability for the lower bound of the iterated logarithm, we 
have the following theorem. 
THEOREM 3.2. Let M” be simply connected. If for some point X~E M”, 
there exists a model (M;, g) such that 
for every x E M”, and ifg’(r) 2 0 on [0, co), then for the Brownian motion X, 
on M” 
Proof. Under the assumption, we have by virtue of the pathwise com- 
parison theorem in Ikeda and Watanabe [7], 
where e is the Brownian motion on (M& g). On the other hand, the radial 
part r: = d,+,$XIS), 0) is regarded as the unique solution of the stochastic 
differential equation 
rT=ri+B,+ 
s 
df(n-l)g$dszB,+r8>0 
s 
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for rt>O, where B, is the standard one-dimensional Brownian motion. 
Consequently the left-hand side of the inequality is equal to 1. This com- 
pletes the proof. Q.E.D. 
In order to illustrate Theorems 3.1 and 3.2, we shall exhibit the following 
two examples. 
EXAMPLE 3.1. Consider the surface Mf: x,+ , =f(x,, x2, . . . . x,) embed- 
ded in Euclidean (n + l)-space, where f is twice differentiable in (x,, . . . . x,) 
and is rotationally symmetric around 0, i.e., f(xi , x2, . . . . x,) =f(r), 
r= x:+x;+ ... + xz. Let (X:, Pf,) be the Brownian motion on IV,-. Note 
that (X{, P{) is conservative (see Ichihara [6]). Then we have 
In particular, if fr = df(r)/dr is monotone in r, 
Pf.[,E pg!&= I]= 1. 
Indeed, the Riemannian metric on the surface M, is defined as 
dx:+dx;+ ... +dx;+dx;+,=dxf+ . . . +dx;+df*, 
using the polar coordinate (r, 0) around 0, 
= (1 +f,‘) dr* + r*d@. 
The geodesic polar coordinate (s, 0) is introduced by 
s=h(r)=j’m dun 
0 
Hence the metric has the form in this coordinate, 
ds2 + (h-‘(s))* de2, 
where h-l is the inverse function of h. Thus M, is a model. Since 
(3.4) 
(3.5) 
dh-l(s) 1 ds=Jcz>O fors=h(r), 
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we obtain (3.4) from Theorem 3.2. Iff, is monotone in r, 
1 K’(s) 1 
h-‘ods= *JfP 
for s = h(r) 
,jmm 
= s . 
Consequently (3.5) follows from Theorem 3.1. 
EXAMPLE 3.2. Let M- be the embedded surface x3 =x:--xi in 
3-dimensional Euclidean space. The Gaussian curvature K of the surface 
x3 =f(x,, x2) is defined as 
fqx,, x2) =fx~xlfx2x*-fL2 
(1 +f',, +fy . 
For the surface M-, K(x,, x2)= -4/(1 +x:+4x$)* ~0, i.e., M- is 
negatively curved. Since the Riemannian metric is defined by 
dx: + dx: + 4(x, dx1- x2dx2)2, 
the geodesic distance s = d,,, - (x, 0), 
Xl 
x= i 1 x2 x:-x: 
is, by definition, 
s = d, - (x, 0) = inf 
D 
; ~(cP;)~~(cP;)~+~((P,cP;-(P,(P;)*~~ 
x (PIY(PZE ~‘~~~~1~cp,~~~=cp*~~~=~,cp,~~~=~,~cp,~~~=~* 
I 
. 
(3.6) 
Setting r = ,/m, it is easily derived from (3.6) that 
s = d,-(x, 0) = O(r2). 
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Consequently the Gaussian curvature satisfies 
K(x) 2 - 
C 
d&O, x)2 
for some constant C > 0 
outside a compact subset of M-. Thus it follows from the corollary to 
Theorem 3.1 and Theorem 3.2 that for the Brownian motion (X; , P; ) 
on M-, 
P- . [,5 ~IE&=l]= 1. 
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